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An important issue in string theory is the study of threshold corrections in gauge
couplings [1]. In particular their dependence on the moduli of the compactified space
plays a crucial role in string unification, the derivation of the low energy effective La-
grangian, and the problem of supersymmetry breaking. This dependence was studied
extensively in the case of symmetric orbifold compactification of the heterotic super-
string for untwisted moduli [1],[2], and there was found that it satisfies a non renormal-
ization theorem [3]. Namely, it is given entirely at one-loop level and it is determined by
the violation of the integrability condition of the corresponding Θ-angles with respect
to moduli. This phenomenon has also been understood in the field theory framework as
an infrared effect due to propagation of massless fermions in one-loop anomalous graphs
[2],[4]. A general derivation, from the point of view of the internal N = 2 superconformal
theory, is presented in [5].
In this note we extend the analysis of [1],[2],[3], to the study of threshold corrections
in gravitational couplings. In analogy to the case of gauge couplings, to avoid infrared
divergences, we consider the on-shell three point function of two gravitons hµν , hλρ and
one modulus field T , with momenta p1, p2 and p3 respectively:
〈hµν(p1)h
λρ(p2)T (p3)〉 =
∫
〈V µνh (p1, z1)V
λρ
h (p2, z2)VT (p3, z3)〉. (1)
In (1) the integration is extended over the moduli space of the world-sheet surface as
well as over the positions of the graviton and modulus vertex operators Vh and VT .
There is also an implicit summation over all even or odd spin structures corresponding
to the CP-even or CP-odd part of the amplitude. The vertex operators for genus g ≥ 1
read:
V µνh =: ∂X
µ(∂Xν + ip · ψψν)eip·X :, (2a)
VT = vIJ : ∂X
I(∂XJ + ip · ψψJ)eip·X :, CP even, (2b)
VT = vIJ : ∂X
IψJeip·X :, g = 1, CP odd, (2c)
vIJ = ∂〈T 〉(GIJ +BIJ ), (2d)
1
The ψ ’s are the left moving fermionic superpartners of the bosonic coordinates X ’s,
and GIJ and BIJ are the metric and the two-index antisymmetric tensor of the six-
dimensional internal space, respectively. The different form of the vertex operator VT
between (2b) and (2c) is due to the existence of a conformal Killing spinor for the genus
one case of odd spin structures, which implies also a ”picture changing” of the form (2b),
as well as the inclusion of one supercurrent insertion TF associated to the corresponding
supermodulus:
TF =: ψµ∂X
µ +GKLψ
L∂XK : +ghosts. (3)
Let us first observe that the two derivative part of the amplitude (1) vanishes for
g = 1, because every graviton leg contributes at least two powers of external momenta.
Consider for instance the zeroeth and first order terms in the momentum expansion of
the graviton vertex operator V µνh
V µνh = ∂z1X
µ[∂z1X
ν + ip1 ·X∂z1X
ν + ip1 · ψψ
ν] +O(p21). (4)
Then, only the part of the amplitude where the ψ’s are contracted can in principle
contribute, due to the summation over spin structures, and one is left essentially with
a term of the kind:
〈∂z1X(z1)∂z2X(z2)〉〉(〈ψ(z1)ψ(z2)〉)
2.
Here again summation over spin structures removes the pole of the fermionic correlator
and one can safely partial integrate, so that even this term actually gives vanishing
contribution to (1).
Therefore, there is no T-dependent, one-loop correction to the Planck mass and
the amplitude (1) contributes only to four derivative gravitational terms. These are
quadratic in the Riemann tensor and their structure is very similar to that of the gauge
kinetic terms1:
1 Unitarity arguments [6] forbid the appearence of other combinations of R2abcd,R
2
ab,
and R2.
2
Lgr = ∆
gr(T, T )R ∧R∗ +Θgr(T, T )R ∧R. (5)
The CP-even part R∧R∗ = R2abcd− 4R
2
ab+R
2 is the topological Gauss-Bonnet combi-
nation whose integral gives the Euler number, the CP-odd part R∧R = ǫabcdRabefR
ef
cd
is the gravitational analog of F ∧ F . The on-shell three-point function (1) gives rise to
∆grT (〈T 〉, 〈T 〉) ≡ ∂〈T 〉∆
gr(〈T 〉, 〈T 〉) and ΘgrT , which are related by N = 1 supersymmetry
as follows:
∂〈T 〉∆
gr + iΘgrT = 0, ∂〈T 〉∆
gr − iΘgr
T
= 0. (6)
In fact, supersymmetry relates (1) to the three-point fermionic amplitude of a graviton,
gravitino and fermion partner of T , whose chirality implies the complexification (6) of
the original bosonic amplitude (1). Futhermore if Θgr(〈T 〉, 〈T 〉) is integrable, i.e. it
satisfies:
∂〈T 〉Θ
gr
T − ∂〈T 〉Θ
gr
T
= 0, (7)
then (6) implies that ∆gr and Θgr are the real and imaginary parts respectively of an
analytic function of the moduli T .
The similarity of the above expressions to those of the gauge kinetic terms allows
one to extend the proof of the non renormalization theorem of [3] to the gravitational
case. This can be done in a straightforward way in two steps: firstly all analytic correc-
tions must vanish because they are inconsistent with duality invariance. Thus,the only
possible corrections are those which violate the integrability condition (7). Secondly,
the integrability condition is satisfied in all loops g ≥ 1 pointwise in the world-sheet
moduli, which shows that there are no higher loop corrections. At the one-loop level the
calculation can be carried out explicitely or, alternatively, the result can be determined
through the violation of the integrability condition, using again duality invariance. Be-
low we present the one-loop calculation for the gravitational couplings in (5).
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Following the same arguments used above to prove that each graviton contributes
at least two powers of momenta, and using the on-shell relations pi · pj = 0, it is easy to
show that non vanishing contributions arise only if ∂z1X
µ is contracted with eip2·X(z2)
and ∂z2X
λ with eip1·X(z1), yielding the correlators:
〈∂z1X
µ(z1)p2 ·X(z2)〉〈∂z2X
λ(z2)p1 ·X(z1)〉 = −p
µ
2p
λ
1 〈∂z1X(z1)X(z2)〉
2. (8)
Also the pure bosonic part of the graviton vertex operator vanishes because of the
summation over fermionic spin structures, yielding the fermionic correlators:
〈p1 · ψ(z1)ψ
ρ(z2)〉〈ψ
ν(z1)p2 · ψ(z2)〉 =
{
pρ1p
ν
2〈ψ(z1)ψ(z2)〉
2, CP even,
−ǫνραβp1,αp2,β, CP odd.
(9)
Finally ∂XI in VT cannot be contracted and thus only its zero mode part contributes;
the result is then proportional to:
vIJ∂X
I∂XJ , CP even, (10a)
vIJGKL〈ψ
JψL〉∂XI∂XK , CP odd, (10b)
where in (10b) the supercurrent insertion (3) was used.
From eqs. (10) it follows that non vanishing contribution is possible only from
sectors which preserve N = 2 spacetime supersymmetry. Indeed, in N = 1 sectors all
internal coordinates XI are twisted by the action of the orbifold group and consequently
they do not have zero modes. On the other hand , N = 4 sectors give vanishing
contribution in the CP even part because of the fermionic spin-structure summation,
and in the CP odd case because of the six internal fermionic zero-modes which cannot
be saturated. In the N = 2 sectors, only one internal complex plane remains untwisted
and XI have momenta in the direction of the corresponding untwisted torus. Taking
apart the momentum dependence and performing the two trivial z-integrations, one
finds:
4
ΘgrT =
vIJ ǫ
JLGKL
4(2π)
4
|G|
1/2
∫
d2zd2τ
τ22
〈∂X(z)X(0)〉2ZIKtorusZrest(τ), (11)
where τ = τ1 + iτ2 is the modulus of the worldsheet torus, and
ZIJtorus =
∑
pL,pR
pILp
K
R e
ipiτp2Le−ipiτp
2
R
in terms of left and right moving momenta (pL, pR) of the untwisted complex plane, and
we used the relation 〈ψJψL〉 = ǫJL. Zrest is purely antiholomorphic as a consequence
of the cancellation between the contribution of the two trasverse left-moving spacetime
coordinates XµL and the two internal untwisted coordinates X
I
L, and the contribution of
their fermionic superpartners ψν and ψI . The last integration in (11) can be performed
explicitely, giving the result:
∫
d2z〈∂X(z)X(0)〉2 = −2πiτ2
d
dτ2
log(τ2η
2(τ)), (12)
where η(τ) = q1/12
∏
n≥1(1−q
2n), with q = eipiτ , is the Dedekind η-function. Substitut-
ing (12) into (11) and using the explicit form of the two dimensional lattice momenta,
one finally finds:
ΘgrT =
i
16π2
∂〈T 〉
∫
d2τ
τ2
Ztorus
d
2πidτ
log(τ2η
2)Zrest(τ), (13)
where Ztorus =
∑
pL,pR
qp
2
Lqp
2
r .
Following the arguments of ref.[1], if one considers differences between the grav-
itational and gauge couplings, the τ2 dependence inside the logarithm of (13) drops.
Furthermore, the remaining antiholomorphic function d2piidτ (log η
2)Zrest is modular in-
variant and can have at most a singularity of the kind q−2 as τ2 → ∞; if this is the
case it implies that it is the j-invariant up to an additive constant, but in any case τ1
integration picks the constant term, bˆgr, in its q-expansion. ∆gr can then be determined
using target space duality invariance from the violation of the integrability condition:
∂TΘ
gr
T − ∂TΘ
gr
T
=
ibˆgr
16π2
∫
d2τ
τ2
∂T ∂TZtorus. (14)
5
Using the relation ∂T∂TZtorus =
4τ2
(T+T )2
∂τ∂τ (τ2Ztorus), the integral (14) becomes a
boundary integral getting contributions only from massless states. The result is:
∂TΘ
gr
T − ∂TΘ
gr
T
=
1
16π2
ibˆgr
(T + T )2
, (15)
which finally yields: ∆gr = bˆ
gr
32pi2 log(T + T )|η(iT )|
4.
In the case of gauge couplings the constant bˆ is identified with the β-function of
the N = 2 theory, which , by comparing with the CP-even part, is given by the q0 term
of the expression:
bˆi = lim
τ2→∞
TrQ2hQ
2
i q
H−1qH−2. (16)
In (16) Qi is the gauge group generator corresponding to to the zero mode part of
the Kac-Moody current and Qh is the helicity operator emerging from the integration
of 〈ψ(z)ψ(0)〉2 in (9). Q2h can therefore be replaced by
−d
ipidτ
logZψ, where Zψ is the
contribution of the two trasverse space-time fermionic coordinates. Using that Zψ =
− θ2η or
θ3±θ4
2η for spacetime fermions
2 or bosons, one finds the familiar one loop formula:
bˆi =
1
12
TrSQ
2
i −
11
6
TrVQ
2
i +
1
3
TrFQ
2
i , (17)
where S,V and F stand for scalars, vectors and fermions respectively.
In the case of the gravitational coupling Q2i is replaced by the right moving ”he-
licity” operator Q
2
h, which is given by
d
ipidτ log η
2 as discussed above. In this case one
finds:
bˆgr = (
1
12
NLS −
11
6
NLV +
1
3
NLF )(
1
6
NRS −
11
3
NRV ) + c(nB − nF ), (18)
where NLS,V,F and N
R
S,V,R count the corresponding left and right moving degrees of
freedom, and the last term proportional to the difference between the total numbers of
bosons and fermions has been added, because in the derivation of the above formula
2 The minus sign stands for the spin-statistics.
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space-time supersymmetry has been used. Using now the relations NLSN
R
S = NS ,
NLFN
R
S = NF and N
L
SN
R
V + N
L
VN
R
S = NV with NS , NF , NV the number scalars ,two-
component fermions and vector bosons respectively, and choosing c = 1120 one finds:
bˆgr =
1
45
(NS +
7
4
NF − 13NV −
113
2
NLFN
R
V + 304N
L
VN
R
V ). (19)
Eq.(19) reproduces correctly the known trace anomaly coefficients 3 for scalars, Majo-
rana fermions and vector bosons. Furthermore the coefficient of NLFN
R
V counts for the
contibution of a gravitino together with a Majorana fermion and it agrees with the trace
anomaly of a spin-3/2, which is −233/4 in units where a scalar contributes one. Finally,
the coefficient of NLVN
R
V counts for the contibution of the graviton, dilaton and two
index antisymmetric tensor, and it agrees with the trace anomaly of the spin-2 (212),
of a scalar (1), and of a rank-two antisymmetric tensor (91) [7].
In conclusion, we have shown that threshold corrections for gravitational couplings,
for the orbifold compactification of the heterotic string, have the same structure and
the same origin, i.e. the N = 2 sector, as those for gauge couplings. Also, as a technical
remark, one can notice that the above calculation provides a relatively simple derivation,
if compared to field theory case [8], of the trace anomaly coefficients of the various fields
coupled to gravity.
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Abstract
We study moduli dependent threshold corrections to gravitational couplings
in the case of the heterotic string compactified on a symmetric orbifold, for
untwisted moduli, extending previous analysis on gauge couplings. Like in the
gauge case, the contribution comes entirely from the spacetimeN = 2 sector. As
a byproduct, this calculation provides a simple derivation of the trace anomaly
coefficients for the different fields coupled to gravity.
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